Abstract. Starting from an exact formal identity for the two-state transverse Ising model and using correlation inequalities rigorous upper bounds for the critical temperature and the critical transverse field are obtained which improve effective results.
Introduction
The transverse Ising model (TIM) is described by a two-state Ising Hamiltonian with a term representing a field transverse to the spins, Inserting (4) into (3) and using the fact that < ∆ >≤ 1, we obtain, < S 
By expanding ∆ we see that the approximation is correct to the order of β 2 . Moreover, it is consistent with the application of the correlation inequalities that will be used later to obtain the upper bounds for the critical couplings. In the next steps we will keep only the = sign of (5) .
Let us write
, where E i = j J ij S z j . Diagonalizing and taking the partial trace over i , we get for the longitudinal spin correlation function, < σ
Introducing the exponential operator
, we obtain,
where f(x) is given by
Note that f (x) = −f (−x). Expanding the exponential in (7) and considering that (σ z i ) 2 = 1, we obtain,
By a similar procedure the transverse two-spin correlation function <σ
where g(x) is
The expectation value of σ x i is given by, < σ
3. Application to d=2 square lattice and d=3 cubic lattice.
d=2 lattice
Considering the four neighbours of i in (9), expanding the product, applying the exponential operators appearing in the powers of cosh(J ij D) and sinh(J ij D) in f(x), we obtain,
where
and j, k and m are neighbours of i and f (..) is given by (8).
d=3 lattice.
After a similar calculation we obtain for the cubic lattice,
where,
and j, k, m, n and p are neighbours of i and f (..) is given by (8).
4. Exponential decay of the two-point functions and the upper bounds.
Upper bounds for the critical temperature T c for Ising and multi-component spin systems have been obtained by showing (for T >T c ) the exponential decay of the two-point function [13, 14, 15] . The procedure to obtain these upper bounds for the critical couplings of the tranverse Ising model is the following: we start from a two-point correlation function equations (13) and (15) and we make use of Griffiths inequalities (Griffiths I, II) [16, 18, 19] and Newman and Lebowitz inequalities [17, 19] . A proof of Griffiths inequalities has been given for the XY model with no external field [16] .
Extensions of Griffiths-Kelly-Sherman inequalities to quantal systems, under external fields, both longitudinal and transverse, have been proved [18, 19] . The physical reason why the Griffiths and similar inequalities are valid for the quantal XY-type Hamiltonian is that the off-diagonal interaction, namely,
, produce the decrease of the ferromagnetic correlation among the σ z j -spins, but it is not sufficient big to create a cooperative effect to induce an antiferromagnetic correlation. In other words, one can say that H 1 (x) is a dynamical random force acting on z-z correlations [18] . We establish the inequality for the two-point function <σ
In the following, we will use result (22) in (19) and (21) to calculate the upper bound for Ω c at T c = 0 and result (23) in (19) and (21) to calculate the upper bound for T c at Ω = 0. Evaluating numerically the value of T such that j a j ≤ 1, a j > 0, we obtain, by sufficient condition (see Eq. (17) In table 1, we compare the results obtained by the effective field calculation (EFT) [9] , the high temperature expansion (HTE) [7, 8] and the present results for Ω c . 
Concluding remarks
In this paper we have obtained rigorous upper bounds for the critical couplings of the transverse Ising model. The procedure was based on an approximation for an exact identity for the two-spin correlation functions and on rigorous inequalities for the spin correlation functions. The approximated relation for the two-spin correlation function, Eq. (5), used in this procedure, is consistent with the rigorous inequalities, Eq.(17), since both act in the same direction of the inequalities. The upper bounds were applied for two-and three-dimensional models.
